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Abstract— Energy efficiency of biped walking is an crucial
topic for humanoid robot’s research. Rapid computing is also
important for online planning and model transplantation. Many
dynamic models for characterizing humanoids’ walking have
been developed, such as conventional 3 dimensional inverted
pendulum (IPM), linear inverted pendulum (LIPM). This paper
proposed an improved inverted pendulum model constrained
on cylindrical surface (CIPM), combining the advantages of
computing and energy efficiency for humanoids’ walking plan-
ning. Walking patterns with different speeds can be generated
by CIPM. The constraint of cylindrical surface results in low
coupling between displacement variables for tested robot and
the energy consumption is less than that generated based on
LIPM. The advantages of CIPM over IPM and LIPM were
proved by mathematic analysis, simulations of bipedal walking
with different speeds.

I. INTRODUCTION

In previous humanoid robot investigations, the theory
of multi-rigid-bodies dynamics, feedback controlling and
motion stabilizing have been mostly applied. The inverted
pendulum model (IPM) is a fundamental theory for bipedal
walking research [1] [2]. Varieties of bipedal walking control
models in base of IPM have been developed. Kajita proposed
the theory of linear inverted pendulum (LIPM) [3]. This
model restricts the height of the center of mass (COM) of the
robot during walking, an then achieve analytic relationships
between different movement states, which is useful for
rapid computing of the COMs trajectory [4]. It also solves
the problem of the singularity for position controlling by
bending knees [5]. In [6], the linear inverted pendulum model
was simplified into the Running−Cart−Table model, which
was utilized to enhance the stability of the HRP robot by
introducing the pre−view trajectory of the ZMP. In [7],
based on LIPM, the whole body dynamic model was refined
containing the mass of the upper body, the swing leg and
the supporting leg, which was a developed description of the
bipedal walking motion.

However, the linear inverted pendulum model requires to
keep the height of COM constant and the knee joint needs
to be applied with high torque, due to bending for virtual
constraint. It is negative for energy efficiency of bipedal
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walking [8]. Stretching knee under the help of toe and heal
rotation has been developed for robots based on LIPM to
improve the energy efficiency [9] [10] [11]. In the methods,
the height of COM was kept constant while the rotations of
toe and heal providing compensation height for the stretched
supporting leg.

On the other hand, IPM without actuation normally char-
acterizes the robots with stiff legs and can walk passively
under gravity [2] [12] [13]. The shorter moment arm of
driving joint in IPM is an advantage over LIPM to save
energy, because the torque required decreases. IPM without
bending knees for actuated robots was also applied in sagittal
plane [14] and in three-dimensional space [5] [15]. However,
the models proposed in [5] [15] had limits for humanoids’
gait planning based on ZMP criterion, as the moment around
ZMP about either x or y axis needs to be zero while their
models considered in polar coordinate didn’t guarantee zero
moment around pivot p : (xp, yp) in sagittal and lateral
planes. We derived the dynamic equation analytically of
spherical IPM satisfying zero moment around supporting
pivot p on the ground in forward and lateral directions and
demonstrated the high coupling of it. Therefore, another
model with the advantage of lower computing cost while
with high energy efficiency for bipedal motion planning
needs to be introduced.

In this paper, cylindrical-inverted pendulum (CIPM) which
is based on the improvement of the conventional IPM, is
a compromise between LIPM which has the advantage of
computing and IPM which indicates high energy efficiency.
The relationships with low coupling between the dynamic
equation variables are easier for computing than IPM. Be-
sides, CIPM has the advantage of lower energy consumption
than LIPM, which can be validated by mathematic analysis
and simulations.

In the second chapter of the paper, we introduced a bipedal
robot and its model for simulation and the 3−dimensional
CIPM. Firstly, the dynamic equation of IPM is derived and
found unfeasible for motion planning. Secondly, the differ-
ential equations of CIPM are obtained, illustrating the low
coupling as well as computing advantage. Finally, CIPM’s
advantage of energy efficiency over LIPM is discussed by
mathematic analysis. In the third chapter, method of walk-
ing pattern generation based on CIPM is introduced, using
conventional ZMP chasing method. In the fourth chapter,
to demonstrate proposed method, the simulation model with
dynamical characters measured in base of real small sized
humanoid robot in BIT was used under different walking
speeds based on CIPM. The consequences show the CIPM
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Fig. 1. Model of small sized humanoid robot and diagram of robot’s joints
distribution.

TABLE I
PARAMETERS OF THE MODEL OF BIPEDAL ROBOT

Parameter Value
Length of thigh 0.12 m
Length of shank 0.12 m

Mass of lower limb 1.1 kg
Mass of trunk and waist 1.2 kg

Width of hip 0.06 m

can be implemented for different walking speeds and the
energy consumption is less than that of LIPM for the same
walking performance.

II. MODEL INTRODUCTION AND COMPARISON AMONG
LIPM, IPM AND CIPM

As is shown in Fig.1, the tested humanoid robot totally has
12 degree of freedoms (DOF). Joint 1 along forward direction
provides the DOF for torso to pitch, while joint 2 making the
torso roll around the x axis of task coordinate. The motions
of waist joints are for maintaining the posture of trunk, while
lower limb joints adjusting the center of mass (COM) to keep
ZMP in the supporting polygon. Joints 3, 5 and joints 4, 6 at
hips provide the rotations in sagittal and lateral plane of thigh
to complete the walking motion. The joints 7, 8 on the knees,
provide one DOF for shanks’ swaying to change the length
of leg. Joints 10, 12 allow ankles pitch about the shanks
while joints 9, 11 making the feet roll about ankles. Ankle
joints are critical for posture controlling and stabilizing, as
the paw of supporting foot must be parallel to the ground
while adjusting the ZMP. Because lacking of the DOF for
the vertical rotation for two thighs in the waist of robot, the
motion of yaw can only be considered on the subsequent type
in our future work. The task coordinate of robot lies at the
middle of two paws. And the parameters of the tested model
are listed at TableI. Three models, IPM, LIPM and CIPM to
be compared with are descriptions of mass point’s movement

Fig. 2. Overview of three bipedal walking dynamic models.

in space under gravity with corresponding constraints. The
common feature is that the moment around supporting pivot
P on the ground which is commonly defined as ZMP is zero.
To complete forward locomotion, virtual constraints were
implemented for planning travelling trajectories of bipedal
robots. Three-dimensional inverted pendulum model (IPM)
restricts the length of stance leg and LIPM restricts the height
of COM during walking while CIPM restricts the radius of
displacement of COM in sagittal plane.

A. Features of IPM and dynamic equation derivation

IPM used to be common in passive walking experiments,
where gravity is the only energy input for forward locomo-
tion. However, this kind of passive walking occurs in sagittal
plane and is hard to extend to 3 dimensional space. So,
in IPM mode of 3 dimensional bipedal walking, the COM
travels on spherical surface whose radius is the length of
supporting leg as is shown in Fig.2. The spacial constraint
of movement variables for IPM is shown in (1) (2). In (2), A
represents a polynomial containing trigonometric functions
of ϕ, ψ which are pitch and roll angles for the COM as
shown in Fig.3. A = tan2ψ + tan2ϕ+ 1

(x− xp)2 + (y − yp)2 + z2 = r2 (1)

According to the spherical surface constraint, the Cartesian
coordinate variables for IPM are expressed as

x−xp = r tanϕA−
1
2 , y−yp = r tanψA−

1
2 , z = rA−

1
2 (2)

We implemented Euler-Lagrange function to obtain the re-
lationship between passive angles and the acceleration of
COM.
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Fig. 3. Relationship between structures and pitch and roll angles. Green
lines are projections to sagittal and lateral planes.

To keep the moment around supporting pivot zero in x and
y directions, the dynamic equations of IPM should be as
(5). The expressions has been largely simplified by assuming
three and more orders of tangent function be zero. However
the relationship between angular accelerations and current
states is still complex and strongly coupled. This causes
heavy load for online computing of desired ZMP trajectories
and motion planning.

B. Force analysis for LIPM

LIPM proposed by Kajita, requires COM traveling on a
horizontal plane with restricted height and reduce the load of
computing. The joints of lower limbs cooperate to maintain
the virtual constraint, making the locomotion follow desired
trajectory. The relationship between Cartesian coordinate
variables in LIPM are linear differential equations with one
element, which can be expressed as (6) [6].

..
x−wlipm2(x− xp) = 0
..
y−wlipm2(y − yp) = 0

wlipm =
√

g
h

(6)

And the characters such as step period T , step length S
can be derived from pre-defined width of the hip W and
the height of COM h. Parameters for bipedal walking can
be designed owe to linear differential equations and analytic
functions of x, y, making trajectory planning simple. The
only difference between x and y is that y returns to y|t=0,
while x moves forward to S/2+xp. The resultant force from
p to COM and the torques applied on joints for locomotion
of LIPM can be expressed as (7) (8). And the torques applied
on joints for locomotion and maintaining constraints can be
derived from Euler-Lagrange function.

Flipm = m
..
y

√
(x− xp)2 + h2 + (y − yp)2

y − yp
(7)

τ = Jl,θi
TFlipm (8)

T∫
0

P edt =

T∫
0

UIdt = KI→τθU

T∫
0

τdt (9)

Wlipm =

T∫
0

|Flipm
∂Llipm
∂t

|dt (10)

Llipm(t) is an unlinear function consist of exponential
function of time, representing the distance from pivot to
COM in 3 dimensional space for LIPM. J is the Jacobian
matrix of endpoint’s displacements to joints’ generalized
coordinates. In (9) and (10), P e = UI represents the total
power consumption of the dissipative robot system, and W
represents the mechanical work for driving.

C. CIPM and its advantages of computing and energy effi-
ciency

The CIPM introduced in this paper has constant distance
from COM to pivot p in sagittal plane and there is no
constraint in lateral plane, and the definition is shown in
(11). The purpose of introducing CIPM is to set up virtual
movement constraint to import the advantage of computing
with low coupling. Furthermore, CIPM doesn’t need much
bending of the supporting knee as the height of COM is
not constant and in the middle of single supporting phase
(SSP) the height of COM reaches the maximum. At the entry
of SSP, the COM has obtained kinetic energy from double
supporting phase (DSP) and ready to convert it to potential
energy. We indicated the initial velocity of SSP, the velocity
for launching, with expression Vlau and desired cylindrical
surface should always be tangent to Vlau. In CIPM, the axis
of the cylindrical surface is required to cross ZMP and be
vertical to sagittal plane. Movement variables of CIPM have
the relations as shown in (12) (13) where r is the constant
radius of the cylinder.

We choose different kinds of coordinate system to describe
the COM locomotion in three models. In IPM, according to
the spherical surface constraint, the relationships between
pitch, roll angles and their differentials are easier to be
expressed than Cartesian coordinate variables. Thus, for
CIPM, pitch angle ϕ and extension length in y direction can
better describe the movement on a cylindrical surface.

(x− xp)2 + z2 = r2 (11)
..
ϕ r − g sinϕ = 0 (12)

(g −
..
ϕ r sinϕ− (

.
ϕ)

2
r cosϕ)(y − yp) =

..
y r cosϕ (13)

In this equation, sinϕ = (x−xp)/r and the moment around
the axis of cylinder must be zero. Similar to that in LIPM,
the initial position of COM in x has the distance of −S/2
to xp and the COM returns back in y direction at the end of
SSP. If first order derivative of ϕ is multiplied to the left and
right sides of the first equation in (12), and integrate time, it
can be expressed as

r
.
ϕ

2

2 = −g cosϕ+ C

(3gcosϕ− 2C)(y − yp) =
..
y r

Although there is no analytical dynamic equations for
COM’s trajectory, the relationships between states are clearer
than in IPM. If a particularly small step length is required,
the sinusoidal function of pitch angle of humanoid’s COM
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Fig. 4. L(t) and F(t) comparisons between LIPM and CIPM for three step lengths with two step periods. In (a), the period is 0.6s and in (b) the period
is 0.8s.

sinϕ can be approximated as ϕ. Linearized expression of
the differential equations of CIPM are shown in (14) (15).

..
ϕ r = gϕ (14)

(3g − 2C)(y − yp) = r
..
y (15)

ϕ = C11e
wϕcipmt + C12e

−wϕcipmt (16)

y − yp = C21e
wycipmt + C22e

−wycipmt (17)

In CIPM, the variable of pitch angle has similar differential
equation to variable x’s in LIPM. The constants C, C11, C12,
C21, C22 are obtained by boundary conditions and predefined
parameters.

Generally, the step length cannot be regulated too small
for walking task. The dynamic in sagittal plane of CIPM is
an one dimensional nonlinear system, with lower coupling
comparing to IPM. Trajectory of pitch angle ϕ can be derived
from the initial and terminal conditions with the method of
Runge Kutta. The trajectory of COM in y direction can be
obtained consequently with the same method. As the mass
is concentrated at one point COM, the pendulum model is
an equivalent to a multi-link mechanism with COM located
on its endpoint. Resultant force from the supporting pivot
to push the COM in CIPM is expressed as (18). Then the
mechanical works of driving COM can be obtained according
to (18) (19).

Fcipm =
m(3gcosϕ− 2C)Lcipm(t)

r
(18)

In this equation, Lcipm(t) containing exponential expressions
of time represents the distance from pivot to COM in 3
dimensional space for CIPM.

Wcipm =

T∫
0

|Fcipm
∂Lcipm
∂t

|dt (19)

Three step lengths S with two step periods T were selected
for comparing the mechanical works for two models. In
time domain, L(t) and F (t) have different trends for two
models. The six forward speeds with 2 T s and 3 Ss were
tested analytically and the comparison of resultant force and
length of pivot-to-COM for two models is shown in Fig.4.
As the Fig.4 indicates, during SSP the forces of CIPM and
variation of L(t) are both less than those of LIPM. Thus,
for an ideal particle model, it can be demonstrated that the
demand of mechanical power is less in CIPM than in LIPM.
However, the evaluation of energy efficiency is based on the
sum of energy consumption composed of thermal dissipation,
impact loss and mechanical work, for an electrically driven
humanoid robot. To demonstrate the average energy cost is
less in CIPM than in LIPM for walking task, simulations
need to be applied and that will be introduced in the chapter
4.

III. BIPEDAL WALKING PLANNING BASED ON CIPM

The walking pattern is divided into three parts for one step:
2 double supporting phases (DSP) and a single supporting
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Fig. 5. Trajectories of COM in world coordinate frame computed for
tested speeds. It is illustrated that faster walking for CIPM and LIPM
requires larger margin of COM displacements in vertical direction and less
displacements in lateral direction. (a) represents the planned trajectories for
CIPM and LIPM for 0.125m/s’s walking. (b) represents the walking with
speed of 0.2m/s.

phase (SSP). At the start of the first DSP, the current height of
COM of the robot is minimum for whole step, with velocity
zero. The velocity of the COM needs to be the largest during
step at the SSP entry, for converting kinetic energy into
potential energy. Then, to achieve the forward motion, energy
is injected by two supporting legs pushing the COM of robot
to the initial position of SSP. In this paper, the two legs in
DSP were equalized to 5-link closed loop mechanism which
moves the COM to the next SSP. Thus, the characters of
CIPM and LIPM etc. are only discussed in SSP, when the
moment of the robot around ZMP beneath the supporting foot
be zero and the motion of COM has the feature of specific
space constraints.
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∑
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i
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To compare the energy cost between CIPM and LIPM, two
desired speeds were tested by simulation in this paper. The
step lengths were selected as 0.1m and 0.12m for a model of
small sized robot. Periods of step were selected as 0.8s and
0.6s which were tested in previous bipedal investigations [16]
[17] and the duration of DSP was set as 20 percent of the
walking period [18]. Reference ZMP was planned according
to the structural parameters, required walking speeds and
step lengths. To meet the stability principle of ZMP, the
displacement of COM should satisfy the equation (20) and
(21) in DSP. The trajectories of the COM and footholds based
on CIPM and LIPM are derived consequently from ZMP

references and (12) (13) (20) (21) and the diagrams of COM
trajectory are shown in Fig.5.

IV. DEMONSTRATION BY SIMULATION

As the analysis in chapter 2 is based on simple model of
mass point with two links and one driving joint, the dynamic
model for simulation should be strictly corresponding to real
robot to get detailed pattern of the torques for joints in
CIPM and LIPM’s walking. First, we set up requirements
of step lengths and periods, refer to previous investigations
about human beings and robot’s bipedal walking’s, with
the consideration of the little size of tested model. After
computing the dynamics of designated model, the reference
of trajectories of COM and the footholds were obtained.
Then the desired joints angles were generated by inverse
kinematics.

In the simulation computing step length was 2ms and
the torque applied on joints in walking gaits were acquired
by dynamic processor in V-REP as is shown in Fig.6. The
simulation consists of twenty steps for different walking
speeds with the motion of setting off at the start of the
walking and the diagram only intercept a few steps for
discussing. In Fig.6, the torque of hip’s rolling during
walking is less than those applied on knee joints and the
difference of it between CIPM and LIPM is little. However,
the amplitude of pitching torque on hip joints for two models
are less than rolling torques and faster walking causes larger
magnitude of vibration. As for pitching torque on hip joint,
there is no obvious advantage of CIPM over LIPM, since
the hip pitching torque for LIPM is larger than that for
CIPM for most of the time in SSP. The torque exerted by
knee joint for LIPM in SSP is larger than that for CIPM,
with different walking speeds, coinciding with mathematic
analysis in chapter 2. Note that the knee torque in DSP for
CIPM is sometimes larger than that for LIPM as shown in
Fig.6, because of the increasing of COM height in DSP at
the start of one step for CIPM which is undesired for LIPM.

In bipedal walking, energy is used for locomotion with de-
sired speed, maintaining potential energy and complementing
the loss caused by environment interactions. Thus, different
from machines whose mechanical cost can be expressed as
P = FV , energy input of bipedal locomotion is dissipated
throughout the time [19]. Different with pure mechanical
works, the total energy consumption should be expressed
as

∫
UIdt =

∫
UKτdt, in which I is assumed related to

torque applied on actuators. Because the speed of walking
is regulated, the denominator of cost of transport (COT) is
eliminated in the comparison between LIPM and CIPM. In
this paper, time integration of torques equals COT multiplied
by speed S/T . And the advantage of CIPM of energy
efficiency for bipedal walking can be shown with different
speed requirements, as the duration of DSP, during which
torque applied on knee joint can be little larger for CIPM is
much shorter than SSP.
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Fig. 6. The left part indicates the torque applied on lower limb joints with walking speed 0.125m/s and on the right 0.2m/s. The red lines represents the
torque applied on CIPM walking and blue ones refers to LIPM. The first row of figure represents the torques applied on hip joint in x direction and the
second represents the torque applied on hip joint in y direction. The third row indicates the torque exerted by knee actuator during the walking gait.

Fig. 7. Interception of walking simulation of 0.125m/s. On the left is
the CIPM walking, while on the right LIPM. Two models have similar
magnitude of lateral displacements while walking.

Fig. 8. Interception of walking simulation of 0.2m/s. On the left is
the CIPM walking, while on the right LIPM. The difference of vertical
movement between two models rises for a larger speed, as the radius of the
cylinder in CIPM as well as the step length increase.
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V. CONCLUSIONS

This paper proposed a new method CIPM for three di-
mensional bipedal walking planning, which combines the
advantage of lower energy consumption as IPM and lower
computing cost as LIPM. Computing advantage over IPM
and less desired work than LIPM in SSP are demonstrated
by dynamic analysis, and the total energy consumption of
CIPM less than that of LIPM is validated by simulation. The
consequences indicate that the CIPM is a feasible method for
controlling bipedal walking for different speeds and has the
advantage of high energy efficiency over LIPM.

The disadvantage of this paper is that the time integration
of current is simply equivalent to that of torque ignoring the
friction loss in transmission and electromagnetic characters
inside the actuators. A more precise model for energy con-
sumption evaluation will be developed in the future. What’s
more, when the dynamic equations in sagittal and lateral
planes should be simplified and linearized lacks analysis
under the condition that ϕ is small. So in the future, we
need to develop correlated method for controlling bipedal
walking with large range of parameters in base of CIPM.
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