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Abstract— Future robots will rely more than today on high
precision, better energy efficiency and safe handling (e.g.
human-machine interaction). An inevitable step in the devel-
opment of new robots is therefore the improvement of existing
mechanisms, since better sensors and algorithms do not satisfy
the demands alone. During the last three decades, Parallel
Redundant Mechanisms (PRM) came more into the focus of
research, as they are advantageous in terms of singularity avoid-
ance, fast movements and energy efficiency. Subsequently, yet
another technology - the Variable Impedance Actuator (VIA) -
emerged which proposes to change its inherent stiffness allowing
an adaptation to its environment and to handle for example
dynamic movements or shock absorptions. This work aims to
create a new mechanism where a stiffness and position control
for 2 degrees of freedom (DOF) is achieved by 3 actuators with
flexible elements. It is thus a combination of the PRM and
VIA, while taking advantage of both technologies but asking
for a more sophisticated mathematical description. Practical
implementation is intended for a humanoid ankle mechanism.
Kinetostatic and stiffness models are derived and incorporated
into the simulation of the mechanism. The simulations show
that improvements in terms of singularity removal and dexterity
are achieved. Furthermore, the adaptation of human like gait
performances is presented.

I. INTRODUCTION

A challenge in present mechanical designs for humanoid
robots is the speed and force limitations of its joints. This
is mainly due to the structure of the robots limbs that are
often arranged in serial arrangement, where the actuators
are directly integrated in the joint. The placement of motors
and drives in the limb joints results in a serial mechanism
(SM) which is a space saving design method, but often
restricts the reachable velocities and forces in the work
space directly to the performance of the actuators. In
contrast, parallel mechanisms (PMs) consist of closed-loop
kinematic chains, which allows one to place the actuators
arbitrarily in those chains to drive the mechanism’s degrees
of freedom (DOF). Compared to SMs, they have a higher
structural stiffness, allow better positioning and can be better
adapted to movements and forces in the work space because
of their linkages. Also, the actuators can be placed more
advantageously in the mechanism what reduces the masses
of moving parts and allows one to achieve movements with
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high dynamics. Those reasons make e.g. the Delta-robot a
remarkable representative of PMs (see [23]). In the context
of humanoid robotics and exoskeletons, PMs have been
used as a mechanical generator of certain kinematic joints
such as in torso, wrist, hip and ankle [14, 15, 18, 24]. PMs
possess different types of singularities as described in [7].
A possibility of singularity removal lies in an over-actuation
of the mechanisms DOF and such systems are then called
parallel-redundant mechanisms (PRMs). Redundancy
here refers to kinematic and actuation redundancy what
is e.g. discussed by [19] and brings also advantages in
terms of workspace enlargement, improved joint-torque
distribution and the possibility of active stiffness control -
by antagonistic actuation - as shown by [4, 26].

Soft robotics and increased locomotive performances
is becoming increasingly relevant for current and future
humanoid robots. During the last decades a continuous
improvement in computational performance was achieved
which led to development of sophisticated control
possibilities and allowed e.g. to achieve compliant
behaviour, as shown by [6, 25] and more recently by [5].
Compliant behaviour is usually achieved in the robot’s
control loop. However, a key ability to reach human (or
animal) like performances is to store and release energy
within the locomotion. Moreover, the absorption of shocks
and safe environmental interaction can be easier achieved
by intrinsically compliant design. A common belief is
thus that intrinsically compliant designs will drive the
future development of robotics, as expressed by [8] and
[22]. A mechanical approach for compliant actuators is the
series-elastic actuator that is widely applied in humanoid
designs, exoskeletons and prosthesis [12]. For a direct
stiffness control of one DOF, the Variable Impedance
Actuator (VIA) was first proposed by [10] and is assessed
e.g. by [28, 29]. A general overview of the state of the art
in soft robotics and VIAs can be found in [3] and [2]. The
necessity of introducing non-linearity in the mechanism to
achieve stiffness modulation is demonstrated for VIAs in [9].

Motivation: VIAs allow for independent position and
stiffness control of one DOF joints by using two actuators.
Following the trend of highly integrated multi-DOF joints
in robotics (see [14, 15, 18, 24]), it will be desirable
to have multi-DOF variable impedance joints. However,
utilizing two actuators per joint in a serial architecture may
significantly increase the weight of the robot and reduce
its dynamic performance. Hence, it is desirable to develop
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parallel mechanisms with similar properties as VIAs. An
immediate advantage of such a design is its capability
to store and release energy in the elastic elements. We
introduce the definition of the variable stiffness mechanism
(VSM):

A variable stiffness mechanism is any parallel mechanism
which allows independent control of end-effector’s position
and stiffness simultaneously.

Hypothesis: We hypothesize that a VSM can be achieved
by utilizing a PM that is added by at least one additional
actuator in parallel, while all actuators are complemented
by non-linear springs in series. Such a mechanism would
allow an independent control of the end-effector position
and some stiffness components. This paper addresses spe-
cific application for a humanoid ankle design and puts the
proposed mechanism in contrast to an already existing one,
which will be called non-redundant hereafter. Later presented
gait simulations are solely performed with the VSM to
demonstrate its practicability. The non-redundant design for
an active ankle is shown in Figure 1 on the left, which has
also been used e.g. in [17]. It comprises the actuation of
two DOFs via two kinematic chains (2RRPS). A complete
analytic solution of this ankle mechanism can be found
in [16]. A representation of the proposed mechanism under
study in this paper can be seen in Figure 1 on the right
and depicts three kinematic chains attached to the fixed {s}-
frame and moveable {b}-frame. In each chain, non-linear
springs are attached in series to the actuators. In Section II
and III the fundamental equations for modelling a 2-DOF
flexible-redundant ankle joint and its stiffness behaviour are
derived. Derivations of the kinematic equations of the non-
redundant ankle design are incorporated - neglecting springs
and overactuation - that serve for a comparative study under
Section IV-A. For this kind of analysis, it is sufficient to
use pure kinematic relations (Equation 3). Subsequently, a
simple demonstration of the mechanism behaviour is given
in Section IV-B, followed by a human gait simulation in
Section IV-C.

II. KINETOSTATIC MODEL

The flexible-redundant mechanism under study has
spring elements which makes it inherently flexible and
hence, does not allow a pure kinematic input - output
relation. Rather, the input - output relations are deduced
from a quasi-static equilibrium. For the flexible-redundant
mechanism, the relevant coordinates are separated into
actuation space qqqa = (da

1 ,d
a
2 ,d

a
3)

T and work space
xxx = (ρ,ν)T . The variables of the compliant springs are
denoted as qqq f = (d f

1 ,d
f
2 ,d

f
3 )

T (see Figure 1).The generalized
coordinates of the mechanism are qqq = (qqqa,qqq f ). For the
following discussion qqq f are considered passive coordinates,
not affecting the structure of the Jacobian.

Table I presents the different quasi-static models that were
derived in the scope of this paper in order to solve various

Fig. 1. Non-redundant and flexible-redundant ankle design with two end-
effector DOFs (ρ: roll, ν : pitch). The DOFs are represented by a rotation
of the {b}-frame with respect to the {s}-frame.

forward and inverse problems. We refer to forward models
when actuator and spring deflection - the full set or a subset
of generalized coordinates qqq - is used as input. Inverse mod-
els make use of work space dependent quantities to obtain
solutions for generalized coordinates qqq. In Section IV-B a
demonstration of model I in Table I takes place by computing
the configuration of the mechanism from known actuator
deflections. The simulations of human gait in Section IV-C
are carried out with help of model III and IV and coherence
is proved by a back computation by means of model II. In
model III we make use of the end-effector force fff that is
presented in this section, whereas the diagonal terms of the
stiffness matrix kρρ and kνν - used in model IV - are derived
in Section III-B.

TABLE I
OVERVIEW OF THE DIFFERENT QUASI-STATIC MODELS - THE NUMBER

OF OUTPUT VARIABLES ALSO DEFINES THE NUMBER OF NECESSARY

EQUATIONS INSIDE EACH MODEL.

Direction Equations Input → Output

I forward 1, 5, 7 qqqa 3→ 5 xxx,qqq f

II 1, 5, 7 qqqa,qqq f 6→ 4 xxx, fff

III inverse 1, 5, 7, da
1 = da

2 xxx, fff 4→ 6 qqqa,qqq f

IV 1, 9, da
1 = da

2 xxx,kρρ ,kνν 4→ 6 qqqa,qqq f

The geometric loop closure equations of the mechanism
as represented by the distance constraints are given by

‖~u+RRRsb(ρ,ν) ·~bi−~si‖− (da
i +d f

i ) = 0 for i = 1,2,3
(1)

where the fixed offset between space frame {s} and body
frame {b} is denoted by ~u. Vectors ~si are represented in the
fixed {s}-frame. On the contrary, ~bi are represented in the
{b}-frame and are therefore rotated by the rotation matrix
RRRsb(ρ,ν) ∈ SO(3). Equation 1 is an explicit equation and
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more generally, it can be considered a geometric equation
of the form ggg(xxx,qqqa,qqq f ) = 000. The corresponding velocity
constraints are

∂ggg(xxx,qqqa,qqq f )

∂qqqa q̇qqa =−∂ggg(xxx,qqqa,qqq f )

∂xxx
ẋxx

JJJa(qqqa,qqq f )q̇qqa =−JJJx(xxx)ẋxx (2)

The partial differentiation of the mapping ggg : R3→ R2 with
respect to the actuator variables and work space variables
leads to the Jacobian matrices JJJa ∈ R3×3 and JJJx ∈ R3×2 re-
spectively. Equation 1 represents the constraints by a distance
measure and generally appears as a square function. Since qqq
and xxx do not form compositions or products in Equation 1,
the left hand side of Equation 2 looses dependency on xxx,
while the right hand side looses dependency on qqq due to
partial differentiation. Thus, inverse and forward kinematics
relations can be derived as

q̇qqa =−JJJ−1
a JJJxẋxx

= JJJ(xxx,qqqa,qqq f )ẋxx

ẋxx = JJJ†(xxx,qqqa,qqq f )q̇qqa (3)

where JJJ ∈R3×2 is the kinematic Jacobian of the manipulator
when considered as a rigid body system (provided qqq f )
determined by the Jacobians JJJa and JJJx. To obtain Equation 3,
an inversion of a non-square matrix becomes necessary.
This inversion can be achieved by constructing the Moore-
Penrose pseudoinverse according to [21] and indicated by
a superscript †. Pseudoinverse can be created numerically
for instance by Singular Value Decomposition (SVD)
as described by [13]. Same procedure applies for the
non-redundant mechanism that serves for comparison in
this study. The difference is that the matrices JJJa and JJJx are
invertible, having input and output vector in Equation 3 of
equal dimension.

The manipulator comprises of series-elastic actuators with
non-linear springs in each leg. Thus, the actuator force is
equal to the force in the flexible element (whose deflection is
described by qqq f ). A possible spring characteristic is derived
in Section III-A. Hence, actuator forces τττ and end-effector
forces fff = ( fρ , fν) are related with the kinematic Jacobian
matrix of the manipulator.

τττ = JJJ†T fff (4)

fff = JJJT
τττ (5)

Consequently, the relation between the actuator coordinates
and work space coordinates is determined by the end effector
load and actuator forces.

Remark: Inverse models are always restricted to pure pitch
movements, since solvability of the system is ensured by
the condition da

1 = da
2 . Inverse models can be used to solve

problems where “outer” loads are known.

III. STIFFNESS MODEL

To actively change stiffness of VIAs, the implementation
of non-linear spring characteristics is indispensable, as it is

shown in [9]. Stiffness of a parallel mechanism depends on
the end-effector pose, but to reach certain stiffness values it
also relies on an introduced non-linearity of the compliant
elements. To fulfill this requirement, a compact design has
been opted and thus pneumatic springs are introduced in each
actuation leg. The derivation of the spring characteristic is
given subsequently in Section III-A. Altering the stiffness of
the end-effector is one of the aims of this work and there-
fore a stiffness representation in work space for the ankle
mechanism is derived in Section III-B. It allows to compute
the 2D stiffness of the ankle for a given configuration.

A. Pneumatic Spring Model

In Figure 2 a double-acting pneumatic spring is shown
for which a symmetric spring characteristic can be obtained
around the zero position.

Fig. 2. Double enclosed pneumatic cylinder with the piston area A and the
position dependent force F(d f ). With the strokes d f

a and d f
b , the volumes

V0a and V0b are formed (under neglection of the pistons height).

Assuming an adiabatic and reversible compres-
sion/depression of the cylinders, it is allowed to use
the isentropic relation for pressure changes

p1

p0
=

(
V0

V1

)κ

(6)

Equation 6 gives a pressure ratio between state (1) and (2)
expressed by a volume ratio with κ as the heat-capacity ratio.
When supposing that the initial pressure and volume is equal
on both sides of the piston, a force expression can be given
with help of Equation 6, so that

F(d f ) = c0 ·

[
1

(d f
0 +d f )κ

− 1

(d f
0 −d f )κ

]
(7)

where d f
0 is the maximal piston stroke and c0 = p0A · (d f

0 )
κ

the pneumatic constant. The required non-linearity of the
spring elements is fulfilled by introduction of Equation 7 in
the system. A plot of the force and energy function can be
seen in Figure 3, indicating also that the force is almost linear
over a range of approximately 20 % piston stroke. Active
stiffness changes can thus be achieved where the underlying
derivations are carried out in the subsequent section.

B. Stiffness Representation in Work Space

As stiffness is defined by the ratio of infinitesimal force
change and position change, an expression for the end-
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Fig. 3. Pneumatic spring force F(d f ) and potential energy Epot(d f ) stored
in the spring for a unit pneumatic constant (c0 = 1) over normalized piston
stroke d f /d f

0 .

effector according to [26] can be given by

KKK =
∂ fff
∂xxx

=
∂ (JJJ†T

τττ)

∂xxx

= HHHT
τττ + JJJ†T ∂τττ

∂xxx

= HHHT
τττ + JJJ†T ∂τττ

∂qqqa JJJ† (8)

with HHHT being the 2 × 3 × 2 transpose of the Hessian
matrix 1 and ∂τττ/∂qqqa being a diagonal matrix carrying the
spring rates of the passive elements.

Because of the serial attachment of actuators and springs
and assuming quasi-static configuration changes, the actuator
forces τττ in Equation 8 can be replaced by the force expres-
sion of the passive springs (Equation 7) and will be denoted
with τττ f in the following. This steps brings the advantage of
reducing the necessary inputs of the equation on a position
level. As the spring forces are then function of qqq f only
and derived by the active coordinates qqqa, the dependency
qqq f must be substituted with help of the inverse kinematics
expression (Equation 1). The replacement of the (otherwise
active) force terms and the use of the inverse kinematics to
obtain a (passive) diagonal matrix ∂τττ/∂qqqa, is the important
modification of this model, since it allows to compute an
exclusively configuration dependent stiffness in work space.

1The Hessian of a scalar field is a square matrix, defined by HHH i, j =
∂ 2g

∂xi∂x j
,

but becomes a third order tensor of shape HHH(ggg) = [HHH(g1) ... HHH(gm)]
when the derived function is a vector field ggg : Rn→ Rm.

Conclusively, it can be written

KKK(xxx,qqqa,qqq f ) = HHHT
τττ

f (xxx,qqqa)+ JJJ†T ∂τττ f (xxx,qqqa)

∂qqqa JJJ† (9)

=

[
kρρ kρν

kνρ kνν

]
with τττ f (xxx,qqqa) being the passive forces in the actuation legs.
They only depend on the configuration of the end-effector
and the position of the actuators in this form.

Remark: During stiffness computations, it was found that
the substitution in τττ f of qqq f by qqqa in the first term of
Equation 9 introduced high numerical errors in some config-
urations (especially for small d f

0 ). We therefore recommend
to keep the dependency on spring coordinates for τττ f in the
active stiffness term.

Fig. 4. Line plot depiction of the ankle geometry. The blue lines indicate
the actuation legs that bear actuators and springs. Their attachment points
in the {s}- and {b}-plane form equilateral triangles of edge length as and
ab. The attachment point of the front actuator is located on the roll axis.

IV. RESULTS & DISCUSSION
This section starts with a singularity and dexterity analysis

of the mechanism by comparing the non-redundant system
(Figure 1 left) and the flexible-redundant system (Figure 1
right). In the subsequent Section IV-B, the stiffness curves of
exemplary computations with a forward quasi-static model
are discussed. A comparison of the solutions to the free
software OpenModelica can be found in [27] and is not
presented here. We conclude this section with a simulation
of the stance phase during walking in humans in Section IV-
C, providing also a deeper discussion on the stiffness. All
models treated in Section IV-B and IV-C are numerically
solved by a least squares method. Geometric depiction of
the mechanism is given in Figure 4 and is related to the
design in [16].

A. Singularity and Dexterity in Work Space

In this section, we compare the non-redundant and
flexible-redundant design, showing advantages of the
flexible-redundant design in terms of singularity and dex-
terity. According to [20] and [26], the criteria coming from
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vanishing determinant (det(JJJJJJT ) = 0) and condition number
(cond(JJJJJJT )) can be used to assess singularity points and
dexterity of the mechanism for the whole work space. The
analysis is independent of the spring deflections qqq f and can
therefore be used as a general statement on singularities and
dexterity. Figure 5 on the left shows that singularities are
completely removed from the work space and a depiction of
low dexterity is given in the plot of the flexible-redundant
design. Moreover, the plots in Figure 5 on the right indicate
better dexterity of the flexible-redundant design around the
zero pose. This behaviour is especially advantageous for an
ankle joint.

Fig. 5. Singularity curve (left) and dexterity plots (right) for the non-
redundant and flexible-redundant design. Condition index is defined by
1/cond(JJJJJJT ) as normalized dexterity measure. The region of low dexterity
incorporates values where det(JJJJJJT ) is in the interval [10−6,2 ·10−4]

B. Forward Kinetostatic Simulations
With the given geometry shown in Figure 4 and se-

lected values for the pneumatic spring elements, kineto-
static simulations of forward type can be performed to
gain insight about the behaviour of the mechanism. The
pneumatic springs are defined with A = π/4 ·0.032 m2, p0 =
1013.25 hPa, κ = 1.4 and d f

0 = 0.15, specified in Equation 7
inside the quasi-static model. Actuator lengths are changed
in the range from ±30% of their initial length to alter the
system. Variantly, one, two or three actuators are moved,
while the other actuators are kept in their zero position.
Results arising from the quasi-static model I are plotted in
Figure 6 and are complemented by the eigenvalues2 of the
stiffness matrix - denoted by kρ and kν - (Equation 9) to
account for stiffness in roll and pitch direction.

2Taking the eigenvalues of KKK allows to retrieve the stiffness felt by
applying deflections in the main directions of the ankle also for mixed load
cases.

Fig. 6. Stiffness and position curves in work space of the mechanism for
three load cases, when selected actuators are moved ±30% of their initial
length. Upper plot: Only the front actuator da

1 , lying on the roll axis is
moved. Center plot: Front actuator da

1 and one rear actuator da
2 are moved

simultaneously. Lower plot: All three actuators are moved simultaneously.

C. Human Gait

The biomechanical data from human stance phase [11] is
utilized for the assessment of the mechanism. Human gait is
dynamic, but in the scope of this paper we are interested in
the general feasibility of the mechanism and use therefore
simpler quasi-static models. By giving input to the inverse
model III (see Section II) by means of biomedical gait data
(Figure 7), it was assessed whether the mechanism can adapt
to this preset position and torque that occur in human ankles.
Movement and loads only occur in pitch and thus ν = fν = 0.
During simulation, it was found that the piston stroke of
the pneumatic springs must be decreased in order to find
solutions to the problem and thus a value of d f

0 = 0.015 m
was chosen for gait simulations. Furthermore, the solver3

requires bounds on all spring coordinates d f
i what has been

set to 99.9 % of d f
0 .

Fig. 7. Biomedical data of pitch torque and pitch angle over stance as
input to the inverse quasi-static model III. Single data points are retrieved
from [11] (blue points) and are interpolated by cubic splines. Foot depiction
from [1]

3Here, the package scipy.optimize.least_square in the Python
language was used.

466



Upper and centre plot in Figure 8 show the solution output
of model III in the configuration space, arising from the
biomedical input in work space (in Figure 7). According
to the pure pitch movement of the mechanism, the rear
actuators (da

1 ,d
a
2 ) and springs (d f

1 ,d
f
2 ) possess the same

solution curves. Complementary, stiffness in roll and pitch
direction are depicted in the lower plot of the figure, showing
considerable stiffness increase in the mechanism during gait
with maximal values at around 75 % of stance. This is
mainly due to increasing input torque in this region leading
to higher spring forces and thus higher stiffness. A back-
computation by means of the forward model II showed
consistency between model II and III by recomputing xxx and
fff as given in Figure 7.

Fig. 8. Non-unique solution of the inverse model III with input values for
pitch angle and torque given by Figure 7.

Model III does not deliver a unique solution, since internal
forces can be generated inside the mechanism that do not
affect the pose and torque of the end-effector. We can also
specify the end-effector pose xxx (biomedical data) and define
some stiffness in advance to solve for the configuration of
the mechanism what refers to inverse model IV. This is only
possible for the here given symmetric case of pure pitch,
where the stiffness is fully represented by the diagonal terms
of KKK. The stiffness values from the previous gait simulation
have been taken and augmented by a factor of 1.5 to compute
the configuration of the mechanism shown in the upper and
centre plots of Figure 9. In this specific case, xxx and (kρρ ,kνν)
serve as input and as expected, the end-effector force fff
resulting from the computation does not follow the torque
depicted in Figure 7.

By successfully computing the configuration qqq of the
mechanism by means of biomedical data (combined position
and force data - xxx and fff ), it has been shown that the general
idea of the mechanism is feasible e.g. for an ankle design.
Besides, it has been demonstrated that stiffness can also
serve as input to the mechanism. The non-uniqueness of the
solutions in configuration space leaves freedom for further
parameter control, such as for energy. This raises the idea of
stiffness control for the whole mechanism while making use

Fig. 9. Solution for the stance phase when stiffness values and pitch
movement serve as input to the system - model IV. Stiffness values coming
from Figure 8 are increased by a factor of 1.5 and serve as input in the
underlying computation.

of its compliance, what might be very advantageous e.g. for
semi-passive walkers and pointing towards energy-optimized
mechanisms.

V. CONCLUSION

The idea of a VSM, that is a combination of RPM and
VIA, was proposed and defined in this paper. As one major
idea of this mechanism is to change the stiffness of this
multi-DOF mechanism, an adapted stiffness formulation was
derived besides its kinematic description. Comparison with a
non-redundant mechanism showed an improvement in terms
of singularity avoidance and increased dexterity. Using quasi-
static formulations, different load cases for the ankle VSM
were computed. Biomechanical data of the stance phase
during human gait were fed to the system, showing that
movements can be adapted under different stiffness charac-
teristics of the end-effector. In contrast, predefined stiffness
was also assessed as input data, raising the possibility of
adaptable energy optimization e.g. for walkers.
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Applied Science, 2018.

[28] S. Wolf and A. Albu-Schäffer. “Towards a Robust
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