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Abstract— In this work we present a novel method to address
the balancing problem for torque controlled legged robots
through post-optimization of contact forces. The main concept
consists in treating a legged robot as a fully actuated fixed-base
system in order to compute the desired joint torques according
to a fixed-based torque controller. The under-actuated compo-
nent of the obtained torques is then mapped into contact forces
through an optimal distribution problem. Besides extending
previous work to the floating-base case, the proposed method
has the notable advantage of avoiding the specification of
a desired momentum of rotation, in addition to a reduced
number of decision variables compared to full-inverse dynamics
methods. The effectiveness of our approach has been validated
in simulation using two different humanoid platforms: the CEN-
TAURO and the COMAN+ robots, both recently developed at
Istituto Italiano di Tecnologia (IIT). Preliminary experimental
results on COMAN+ are also presented.

I. INTRODUCTION

Balancing represents a crucial requirement for legged
robots expected to cope with a variety of unstructured
terrains and environments. Despite a deep knowledge on
the dynamics governing the balancing of articulated bodies,
balancing is still considered a challenging control problem,
especially when dealing with torque controlled humanoids
and legged robots in general. In this respect, the existing
control approaches are generally classified in two categories.

The first category achieves balancing through a two-stage
methodology. An optimal contact force distribution problem
is first solved with respect to the robot centroidal dynamics.
This phase will be hereafter referred to as pre-optimization of
contact forces. The computed contact forces are then mapped
to joint torques under quasi-static assumptions, see Hyon et
al. [1], [2] and Ott et al. [3], [4], [5], or through inverse
dynamics, as in [6], [7] and [8].

In opposition to the first category, the humanoid balancing
problem can be alternatively addressed in a single-stage
fashion by entirely exploiting the full-body inverse dynamics.
Several inverse dynamics controllers, e.g. [9], [10], [11],
compute joint torques by modeling contacts as rigid con-
straints and projecting the dynamics into a constraint free
space. In this way an explicit solution of the contact force
distribution problem is not required, although optimality of
the problem is not guaranteed. Nevertheless, Righetti et al.
[12], [13] showed that is possible to design inverse dynamics
controllers and operational space controllers that are optimal
with respect to any combination of linear and quadratic
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cost in the contact forces and in the torque commands. On
the other hand, methods based on a hierarchical Quadratic
Programming (QP) formulation of the full-body inverse
dynamics, see [14], [15], [16], and [17], [18], explicitly con-
sider contact forces as variables for the resulting optimization
problem.

It is worth pointing out that, despite a clear advantage
in terms of required computation time of the first category
of methods over the second, the pre-optimization of contact
forces raises a major concern about the role of the momentum
of rotation in balance control. It is known in fact that the
kinetic momentum of rotation is not directly related to the
actual orientation of an articulated system [19], [20]. As
a consequence, controlling the momentum of rotation for
a balancing task may end up in a body rotation which is
incompatible with the task itself.

In a recent work by the authors [21] a prioritized Cartesian
impedance controller for redundant fixed-base robots has
been proposed, based on a hierarchical QP formulation.
Extending this approach to floating-base legged robots to
subsequently address the humanoid balancing problem is the
main focus of the present paper. The proposed balancing
controller belongs to the first category of methods, i.e. it
adopts a two-stage technique. In this respect, aiming to
overcome the main limitation inherent in the pre-optimization
of contact forces, i.e. the control of the momentum of
rotation, we propose to treat a legged robot as a fully actuated
fixed-base system in order to compute the desired joint
torques according to [21]. Only at this point, the under-
actuated component of the obtained torques can be mapped
into contact forces through an optimal distribution problem,
hereafter referred to as post-optimization of contact forces.
This way the tricky specification of a desired momentum of
rotation is circumvented. In addition to the aforementioned
advantage over pre-optimization methods and the reduced
number of decision variables compared to single-stage meth-
ods, the add-on nature of the proposed control approach
entails no modification of the original algorithm in [21]. It
is also worth noticing that our post-optimization yields a
systematic way to adapt a generic fixed-base controller to an
underatuated system.

The paper is organized as follows. The proposed torque
control approach to humanoid balancing is introduced and
discussed in Sec. II. Simulation results performed on both
CENTAURO and COMAN+ humanoid platforms are pre-
sented in Sec. III-A, together with preliminary experimental
results. Finally, concluding remarks and future work direc-
tions can be found in Sec. IV.
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II. MATHEMATICAL FORMULATION

This section introduces the mathematical formulation of
our prioritized force controller. In Section II-A we intro-
duce the notation, and we give some brief background on
our previous work [21]. Then, in Section II-B we present
the mathematical modeling for the floating-base case; we
highlight the major differences that forbid direct use of our
previous work. Finally, in Section II-C we present the main
contribution of this paper, which is the extension to the
floating-base case.

A. The fixed-base case

Let us consider a generic task x ∈ Rm expressed in terms
of a function x = f(q); the corresponding task velocity is
obtained by differentiation:

ẋ = J(q)q̇, (1)

where J(q) ∈ Rm×n is the task Jacobian matrix. The
dependence on q will be omitted in the following for brevity.
We are interested in finding joint torques such that our
task shows a desired behaviour with respect to reference
signals, and external perturbations as well. To this aim,
let us introduce the robot dynamics in contact with the
environment:

B(q)q̈ + h(q, q̇) = τ + JTFx; (2)

in (2), B ∈ Rn×n represents the joint-space inertia matrix,
h ∈ Rn is the vector of bias torques which are needed to
produce zero joint acceleration, and τ ∈ Rn is the vector
of joint torques. External wrenches Fx ∈ Rm applied to our
task are also considered. By further differentiation of (1) and
substituting (2) we obtain the task dynamics as follows [22]:

Λ(q)ẍ+ µ(q, q̇) = Fτ |x + Fx (3)

Where:
• Λ ∈ Rm×m is the task-space inertia matrix; it is given

by
Λ =

(
JB−1JT

)−1
; (4)

• µ ∈ Rm is the bias force vector (i.e. the force required
to produce zero task acceleration);

• Fτ ∈ Rm is the task space force that is produced by
the joint torques; its expression is the following:

Fτ |x = J̄T τ , (5)

where J̄ ∈ Rn×m is known as the dynamically-
consistent pseudo-inverse of J , which has the following
expression:

J̄ = B−1JTΛ. (6)

From (3) it can be seen that an arbitrary task behaviour can be
achieved through the term Fτ |x, which is controlled through
proper choice of the joint torques according to (5). Moreover,
for a redundant robot the matrix J̄T has a non-empty
null space, enabling a prioritized multiple task formulation.

Finally, the prioritized formulation is solved as cascade of
QPs of the following form:

min
τi
‖Ai τi − bi‖2 + ε‖τi‖2

s.t. bl ≤Dτi ≤ bu
ul ≤ τi ≤ uu

Ai−1τ
∗
i−1 = Ai−1τi

...
A1 τ

∗
1 = A1 τi

, (7)

for values of i ranging from i = 1 to the number of priority
levels. Hierarchical force control is obtained by choosing
Ai = JiB

−1 and bi = Λ−1i Fi; on top of it, Cartesian
impedance control is achieved by selecting virtual spring-
dampers as desired forces.

By using this formulation, it was possible to implement
mixed a stiff/compliant behaviour with priority enforcement
on the bi-manual upper body of our CENTAURO and CO-
MAN+ robots.

B. The floating-base case

The main focus of the present work is the extension of
the algorithm that was presented in the previous section to
the floating-base case. From a modeling point of view, a
legged robot shows two structural differences with respect
to a fixed-base one:

• under-actuation: floating-base robots can be described
in terms of n degrees of freedom (one for each joint)
plus six additional coordinates describing the pose of
some robot link w.r.t. to an inertial world frame. Such
a link is usually called floating-base. These additional
DoFs are usually modelled by introducing a virtual six-
dof chain of passive (unactuated) joints, which is known
as virtual chain.

• Contact forces: legged robots must always interact with
the environment in order to be controlled in their full
(6+n)-dimensional coordinate space. Indeed, from the
so-called centroidal dynamics equation, we know that
the global motion of the robot is entirely given by the
contact forces.

The virtual chain formulation allows to easily extend the
fixed-base dynamics (2) to the floating-base case. We just
augment the generalized coordinate vector with six virtual
joints as in the following equation1:

q =

[
qu
qa

]
, (8)

where q ∈ R6+n is obtained by stacking the configuration
vector of virtual joints qu ∈ R6 with the one corresponding
to the n actuated joints qa ∈ Rn. Then, the floating-base
dynamics equation is given by

B(q)q̈ + h(q, q̇) = Sτ + JTC FC + JTFx; (9)

1We use the subscripts “u” for unactuated, and “a” for actuated,
respectively.
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compared to (2), the joint torques vector is pre-multiplied
by a matrix S ∈ R(n+6)×n that maps actuation torques into
torques for the full floating-base robot:

S =

[
06×n
In×n

]
. (10)

Finally, contact forces are taken into account by introducing
the Jacobian of all support links JC ∈ Rk×(n+6) and the
corresponding overall contact wrench FC ∈ Rk, with k
equal to the contact constraint dimension (e.g. k = 12 for a
humanoid in double support).

By repeating the same steps as for the fixed-base case, the
task dynamics is obtained as follows:

Λ(q)ẍ+ µ(q, q̇) = Fτ |x + FC|x + Fx. (11)

It can be seen that the contribution from actuated joint
torques is changed slightly w.r.t. the fixed-base case, and
it has the following expression:

Fτ |x =
(
J̄TS

)
τ ; (12)

however, this does not affect the mathematical formulation
of our prioritized controller. The most important change is
given by the coupling between the task dynamics and the
contact wrenches, through the term

FC|x = J̄TJTC FC = Λ
[
JB−1JTC

]
FC ; (13)

on this regard, it is worth noticing that coupling matrix
between square brackets in (13) is non-zero for any task x
that is specified w.r.t. the world frame: indeed, all tasks are
coupled through the virtual chain connecting the floating-
base to the world frame itself.

Such a coupling hinders the direct application of our
algorithm [21]; in order to tackle the problem, the authors
see three possible methods, as explained below:
• pre-optimization of contact forces. This approach has

been successfully used in [3] for balancing control
applied to the lower-body of the TORO robot. From
the robot centroidal dynamics, the authors compute
contact forces that achieve the desired center-of-mass
and angular momentum behavior. More specifically,
the angular momentum is used to perform orientation
control of the robot base link.
Once that such forces have been obtained, they can be
made to disappear from the dynamics formulation by,
for instance, redefining the bias torque vector as

ĥ = h− JTC FC. (14)

However, it is the authors’ belief that such an idea
contains a pitfall, namely that the centroidal dynamics
of the robot is constrained to the value obtained during
the pre-optimization phase (see remark in Section III-
A.2). Consequently, the center-of-mass behaviour is
always a first-priority task for the resulting controller,
and the same applies to the angular momentum. This
is undesirable for a prioritized controller; moreover, it
is not clear which reference should be assigned to the

angular momentum, given its non-holonomy as stated
in [19].

• Joint optimization of joint torque and contact forces.
This approach is conceptually similar to the one of [18],
where the optimization is carried out over contact
forces and joint accelerations. Full control over the task
hierarchy and system momentum is retained at the cost
of an increased number of optimization variables.

• Post-optimization of contact forces. A third option,
which is the main contribution of the present work,
consists in treating the floating-base robot as a fixed-
base one, by mathematically replacing the sum of
under-actuated joint torques and contact torques with
an equivalent completely-actuated torque vector. Then,
a post-optimization phase is set up in order to map
back the obtained virtual joint torques and forces to
equivalent contact wrenches. At the best of the authors’
knowledge, this approach has not been explored before.
A full description of such method is the subject of the
following section.

C. Post-optimization of contact forces
Starting from (9), let us define an equivalent fully-actuated

torque vector τ̄
τ̄ = Sτ + JTC FC; (15)

with such a definition, the floating-base dynamics formally
resembles the fixed-base one:

B(q)q̈ + h(q, q̇) = τ̄ + JTFx; (16)

consequently, our algorithm of [21] can be applied without
any modification, yielding some optimized value τ̄ ∗ for the
fully-actuated torque vector (15) that permits to achieve the
desired hierarchical motion and interaction.

Our problem is then to recover the contact force informa-
tion, by taking into account the under-actuated nature of the
system. Essentially, this amounts to solving the system of
equations (15) for τ and FC . On this regard, notice that the
number of equations is Neq = n + 6, while the number of
variables is Nvar = n+k; this means that in an unconstrained,
full-rank case the problem admits∞Nr many solutions, with
Nr = k − 6.

We can reduce the number of unknowns by exploiting the
structure of the actuation matrix (10). By focusing on the
first six rows of (15) we obtain

τ̄u = JTC,uFC, (17)

where the subscript “u” indicates the sub-matrix corre-
sponding to the unactuated virtual joints. Equation (17) is
torque-independent, and contains only the contact forces
as variables. Once that these have been determined, joint
torques can be recovered by looking at the bottom n rows
of (15) and solving for τ :

τ = τ̄a − JTC,aFC. (18)

The transpose of the unactuated part of the contact Jaco-
bian acts as a grasp matrix G ∈ R6×k:

G = JTC,u; (19)

322



hence, we can draw inspiration from [3] and obtain a least-
squares solution for FC:

F ∗C = G† τ̄u, (20)

where the dagger symbol † denotes the pseudo-inverse.
However, we can also exploit a QP formulation in order to
enforce inequality constraints, as for instance friction cones,
as follows:

min
FC
‖GFC − τ̄u‖2

s.t. bl ≤DFC ≤ bu
ul ≤ FC ≤ uu.

(21)

Torque constraints can be introduced as well by considering
the dependency on the contact forces as given by (18).

D. Discussion

The main advantage of the proposed post-optimization
formulation with respect to the pre-optimization is clearly
given by the proper handling of priorities between tasks,
since neither the Center of Mass (CoM) motion nor the robot
angular momentum need to be set a-priori. Moreover, the
user is relieved from specifying a target angular momentum
to the robot, which seems to be problematic as discussed in
Section II-B. With our approach, target values for the cen-
troidal dynamics are obtained from the fixed-base solution
τ̄ ∗, and only then the corresponding contact wrenches are
optimized.

The main drawback is that the first optimization stage may
give back a solution that is not feasible under force con-
straints (e.g. friction cones), which means that the objective
value of (21) will be greater than zero. This could lead to
loss of performance and, in the worst case, instability of the
closed loop system. However, this situation can eventually
be used to detect the need to perform a recovery action, e.g.
a step.

On the other hand, a joint torque-force optimization strat-
egy could perform better in such a case, since constraints
on forces are taken into account for motion/force control as
well. The price to pay is an increased number of decision
variables.

As a final consideration, our post-optimization approach
gives us the possibility of adapting our fixed-base formula-
tion to the floating-base case without any need for modifica-
tion, since the under-actuation is dealt with at a separate stage
that is completely decoupled from force/motion control. As a
matter of fact, the proposed formulation permits to adapt any
fixed-base torque controller to the floating base case, while
fully retaining its behavior.

III. SIMULATIONS AND PRELIMINARY EXPERIMENTS

In order to validate the proposed extension of our con-
troller [21] to the floating-base case, we set up two sim-
ulation scenarios in Gazebo involving two different legged
platforms: CENTAURO [23], a 39 degrees-of-freedom (DoF)
hybrid wheeled-legged quadruped equipped with a humanoid
upper-body and COMAN+, which is a 28 DoF, 1.70 me-
ters tall humanoid robot. Both robots are fully torque-
controlled by feeding back the measured link-side joint

torques. Moreover, our control architecture XBotCore [24]
allows for transparent switch between simulation and real
hardware, and hard real-time control on the actual robot.
We conclude the section with a brief overview of some
preliminary experimental results on the COMAN+ robot.

A. Gazebo simulations

The controller’s first stage is formalized in the following
way:



(∑
i

WorldTFooti

)
/

WorldTWaist/(WorldTLHand +
World TRHand

)
/

TPosture


<<

(
CJoint Torque

Limits

)
, (22)

where the symbol ATB denotes a Cartesian impedance task
of the frame B relative to the frame A; such a task is
implemented by commanding simple virtual wrenches as in
the following expression:

Fd = Kd (xd − x) + Dd (xd − ẋ) , (23)

where x, xd, ẋ and ẋd represent the actual and desired
Cartesian poses and twists, respectively, whereas Kd and Dd

denote the desired Cartesian impedance. These are combined
by means of the operators “+” and “/”, which are used to
set aggregation and null-space relations, respectively. Finally,
the symbol “<<” denotes insertion of constraints into the
problem.

Recall from Section II-C that the first stage of our method
computes a fully actuated torque vector, that is then mapped
to an under-actuated torque vector via post-optimization of
contact forces. We implement the post-optimization stage as
in (21), considering linearized friction cones as inequality
constraints:

|Ft| ≤
√
2µ

2
Fn, Fn ≥ 0; (24)

where Ft and Fn are the tangential and normal components
of contact forces, respectively, and µ = 0.3 is the consid-
ered friction coefficient. As a final observation, for all our
simulation experiments the state of the floating-base link is
directly taken from the simulator.

1) CENTAURO balancing under external disturbances:
The first simulation scenario consists on a balancing task
for the CENTAURO robot under the disturbance of exter-
nal forces applied on the robot waist. Screen shots from
the performed simulations are reported in Fig. 1. The de-
sired Cartesian impedance for the waist position task has
been set equal to: Kd =

[
500 500 500

]
N
m and Dd =[

200 200 200
]
Ns
m .

A constant force of 200 N is first applied downward along
the z-direction for 2 s. The obtained contact forces along the
z-direction are shown in Fig. 2(a), while the corresponding
waist position error is shown in Fig. 2(b). As expected, the
maximum value of the actual waist position error (blue solid
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Fig. 1. Screen shots from CENTAURO simulations in Gazebo. In the upper plots a constant force of 200 N is applied downward on the robot waist,
while in the lower plots a constant force of 90 N is applied sideways.

line), approximately 0.4 m, is consistent with the expected
value (black solid line) obtained through (23).

To further highlight the impact of friction cones, a second
simulation involves the application of a constant force of
90 N sideways along the y-direction, see Fig. 3. Note that,
according to (24), the x and y components of the contact
force on the rear right leg (yellow lines) are driven to zero
at once with the z-component.

(a) z-component of contact forces.

(b) Actual (blue solid line) vs. expected (black dashed line) waist position
error along the pushing direction, i.e. the z-direction.

Fig. 2. Time histories from CENTAURO simulation: an external constant
force of 200 N is applied downward (z-direction) on the robot waist for
2 s (shaded area).

2) COMAN+ picking a box: In the second simulation
scenario we consider the COMAN+ robot picking a two
kilogram box from the knee level. However, the box weight
is not known to the controller. The task has to be performed
using whole-body motions to reach the box and pick it up.

Notice that, in order to be able to reach the box, the

Fig. 3. Contact forces’ time history from CENTAURO simulation: an
external constant force of 90 N is applied sideways (y-direction) on the
robot waist for 2 s (shaded area).

z-translation task is removed from the waist control. As
a side-note, the orientation is managed using a quaternion
formulation as in [25]. The outcome of the simulation
experiment can be seen in the accompanying video2.

Remark: Notice that the obtained whole-body motion
would be impossible under a pre-optimization framework,
in which the CoM trajectory is decided beforehand. In this

2The attached video is also available at https://youtu.be/
p8fwwV_zZa8
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Fig. 4. On the left, COMAN+ in simulation. During the squat motion
needed to pick up the box, the knees of the robot (red dot) enter in contact
with the table generating unwanted forces which perturb the CoM. Green
dots represent intentional contacts. On the right preliminary experiments
with the real COMAN+ platform

case, the only solution is to explicitly decrease the CoM
height in order for the hands to reach the box.

B. Preliminary Experiments on the COMAN+ platform

In this preliminary experiment we test the presented con-
troller, with the real humanoid robot COMAN+. As the only
difference compared to our simulations, in this case we need
to estimate the state of our base-link in terms of pose and
twist w.r.t. an inertial world frame. In order to do so, we
simply fuse kinematic information from the lower-body with
IMU measurements, assuming fixed contacts.

After some controller tuning, we managed to have the
robot balance on two feet, even when subject to small ex-
ternal perturbations (see Figure 4b). Despite the encouraging
results, we experienced instabilities and strong vibrations, in
a very similar way as described in [26]; indeed, implemen-
tation of full-torque controllers on legged robots appears to
be challenging, and it needs further investigation from the
authors in order to improve the robustness of the controller
and successfully deploy it to real systems.

IV. CONCLUSION AND FUTURE WORKS

In this work, a novel method to to formulate task-space
inverse dynamics of floating-base robots has been developed
as a follow up of the work in [21]. The method consists in
a two step optimization: during a first optimization stage, a
fully-actuated torque vector that realizes the desired tasks is
found using [21]; such a vector contains non-zero torques at
the virtual joints, and is not directly applicable to the robot.
Hence, during a second optimization stage this wrench is
mapped back to the available contacts. The proposed method,
in comparison to [3], has the main advantage of avoiding to
constrain the robot centroidal dynamics.

The method has been tested first in simulation using two
floating base robots with substantially different kinematic
structure: the CENTAURO and the COMAN+ robot. The
first is a wheeled, quadruped robot with humanoid torso, the

second a bipedal humanoid robot. Furthermore, preliminary
results are reported in the real COMAN+ robot which is
subject to small perturbations.

Future works will address first the implementation on the
real hardware which, as stated previously, at the moment
presents some stability problems, very similar to the one in
[26]. Second we would like to explore a single-stage torque-
force optimization, and compare it to [18]. Finally, it is the
authors’ belief that this method can be extended to other
problem that can be treated by introducing virtual kinematic
chains, for example when contact forces to pick a box has
to be computed.
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